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Abstract 

A description of all quantuin channels reversible with respect to a 



jrt I given complete family of pure states is obtained. Some applications 

^ ■ in quantum information theory are considered. 
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1 Introduction 

A reversibility (sufficiency) of a quantum channel $ : ©("Ha) -^ ©("Hb) with 
respect to a family & of states in ©("H^) means existence of a quantum 
channel ^ : ©("Hb) -> ©("Ha) such that ^($(p)) = p for all p G ©. 
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The notion of reversibility of a channel naturally arises in analysis of dif- 
ferent general questions of quantum information theory and quantum statis- 
tics [21 m m [TOl [11]. For example, the famous Petz's theorem states that the 
equality in the inequality 

Hi^p) II $(a)) < Hip \\a), p,a e e{HA), 

expressing the fundamental monotonicity property of the relative entropy, 
holds if and only if the channel $ is reversible with respect to the states 
p and 0". It follows that the Holevo quantity of an ensemble of quantum 
states (providing an upper bound for accessible classical information which 
can be obtained by applying a quantum measurement ^) is preserved under 
action of a channel $ if and only if the channel $ is reversible with respect to 
all states of this ensemble. Further analysis shows that preserving conditions 
for many others important characteristics under action of a quantum channel 
are also reduced to the reversibility condition [SjiSj. In [12] it is shown that 
necessary and sufficient conditions for coincidence of the Holevo capacity and 
the entanglement-assisted classical capacity of a quantum channel $ can be 
formulated in terms of reversibility of the complementary channel $ with 
respect to particular famihes of pure states. 

A simple necessary condition for reversibility of a quantum channel with 
respect to a family of states with bounded rank obtained by using Petz's 
theorem is presented in [131 Theorem 1] . In this paper we use this condition 
and some other observations to obtain a complete description of all channels 
reversible with respect to a given arbitrary family of pure states. 

Some applications of the obtained results in quantum information theory 
are considered in the last part of the paper. 

2 Preliminaries 

Let "H be either a finite dimensional or separable Hilbert space, 23(7/) and 
T(?^) - the Banach spaces of all bounded operators in "H and of all trace-class 
operators in "H correspondingly, ©("H) - the closed convex subset of T('H) 
consisting of positive operators with unit trace called states [H [^ . 

Denote by I-u and Id-^ the unit operator in a Hilbert space 1-L and the 
identity transformation of the Banach space T(7{) correspondingly. 

A linear completely positive trace preserving map $ : T('Ha) -^ ^{Hb) 
is called quantum channel P', ^. 



For a given channel $ : %{'Ha) — ;• ^{T-Lb) the Stinespring theorem imphes 
existence of a Hilbert space I-Le and of an isometry V : I-La -> "H^ (g) "H^; such 
that 

^A) = Tin^VAV\ Ae%inA). (1) 

A quantum channel 

ZCHa) ^A^ ${A) = Tin^VAV* G %{He) (2) 

is called complementary to the channel $ [5]o The complementary channel is 
defined uniquely in the following sense: if $' : T('H^) — )■ liTiE') is a channel 
defined by ([2]) via the Stinespring isometry V : Ha — ?• Hb ® 'He' then the 
channels $ and $' are isometrically equivalent in the sense of the following 
definition [5j. 

Definition 1. Channels $ : 1{Ha) ^ 'I(^b) and $' : l(-H^) -^ T(?{^) 
are isom,etrically equivalent if there exists a partial isometry W : "H^ — > Hb' 
such that 

$'(A) = W^{A)W\ $(A) = iy*$'(A)W, A e T(?{a). 

The notion of isometrical equivalence is very close to the notion of uni- 
tary equivalence. Indeed, the isometrical equivalence of the channels $ 
and $' means unitary equivalence of these channels with the output spaces 
Hb and I-Lb' replaced by their subspaces "H* = Vpe6(W4) supp$(p) and 

'^B' — Vpg6(-Ha) ^^^PP*^'^^)^ ^^ ^^^ ^^^ notion of isometrical equivalence, 
since dealing with a given representation of a quantum channel $ it not easy 
in general to determine the corresponding subspace H*. 

The Stinespring representation ([T]) generates the Kraus representation 

$(A) = ^i4Ay;, Ae%{H), (3) 

k 

where {Vk\ is the set of bounded linear operators from Ha into Hb such that 
Tlik '^k'^k = Iha defined by the relation 



^The quantum channel $ is also called conjugate to the channel $ [6]. 
^We denote by suppp the support of a state p (the subspace (kerp)-"-). 



where {\k)} is a particular orthonormal basis in the space He- The corre- 
sponding complementary channel is expressed as follows 

${A) = Y,^r[V,AV:] \k){l\, A e lin). (4) 

k,l 

The following class of quantum channels introduced by Holevo plays an 
essential role in this paper |H [7] . 

Definition 2. A channel $ : ©("H^) — )■ &{%b) is called classical- quantum 
(briefly a c-q channel) if it has the following representation 

dim "Ha 

$(p) = Y. ^k\p\k)a,, 

k=l 

where {\k)} is an orthonormal basis in T-La and {ak} is a collection of states 

in e{nB) . 

Following [9l [10] introduce the basic notion of this paper. 

Definition 3. A channel $ : &{'Ha) -^ ©("Hb) is reversible with respect 
to a set (3 C (3(7^^) if there exists a channel ^ : GiTiB) — ?■ ©(T/a) such 
that p = \1/ o <|>(p) for all p E &E 

Note that the reversibility is a common property for isometrically equiv- 
alent channels. 

Lemma 1. pj Lei $ : GCHa) ^ ©(Hs) arw^ $' : &inA) ^ ©(Hs') 
6e quantum channels isometrically equivalent in the sense of DefUl If the 
channel $ is reversible with respect to a set © C ©(H^) then the channel 
$' is reversible with respect to the set © and vice versa. 

The main result concerning the notion of reversibility is the Petz's theo- 
rem, which will be used in this paper in the following reduced form. 

Theorem 1. |Tl] A quantum channel $ : ©(Ha) — ^ ©(T/b) is reversible 
with respect to full rank states p and a in ©(Ha) if and only if p = Q^i^ip)), 
where G^- is the predual channel to the linear completely positive unital map 



e;(-) = A<^ {B{-)B) A, A= [$(t7)]-i/l B = [aY 



/2 



•^This property is also called sufBciency of the channel $ with respect to the set 6 

mm- 



The condition of full rank of the states p and a in this theorem can be 
replaced by the condition suppp C supper (see Appendix 6.1 in [T3]). 

Definition 4. A family (3 of states in &{%) is called complete if for any 
nonzero operator A in 03+ ("H) there exists a state p E & such that Ti Ap > 0. 

A family {\'^x){'^\\}x£A of pure states in ©("H) is complete if and only if 
the linear hull of the family {\fx)}x<zA is dense in "H. By Lemma 2 in [S] an 
arbitrary complete family of states in ©("H) contains a countable complete 
subfamily. 

Petz's theorem implies the following criterion for reversibility of a channel 
with respect to countable complete families of states. 

Theorem 2. |8j ^4 quantum channel $ : ©(Ha) — )■ G{'Hb) is reversible 
with respect to a complete countable family {pi} of states in ©("H^) if and 
only if Pi = 9p($(/9j)) for all i, where p = Yli'^iPi ^''^^ {ttj} is any non- 
degenerate probability distribution. 

The above criterion implies the following necessary condition for reversibil- 
ity of a channel with respect to families of states with bounded rank. 

Theorem 3. [13] Let © = {pj}"^]^, n < +oo, be a complete family of 
states in ©("H^) such that rankp^ < r for all i. If a quantum channel 
$ : ©(Ha) — ^ &{T-Lb) is reversible with respect to © then its complementary 
channel $ has Kraus representation ^ such that rankV^ < r for all k. 

If the above hypothesis holds with r = 1 , i.e. pi = \Lpi){Lpi\ for all i, then 

n dim'Hs 

i=l fc=l 

where {\(j)i)}2=i is an overcomplete system of vectors in Ha defined by means 
of an arbitrary non- degenerate probability distribution {ttj}"^]^ as follows 

n 
|0i) = A/TTip-^i), p^ = ^7ri|(^i)((^i|, (5) 

i=\ 

and ll'^jfc)} is a collection of vectors in a Hilbert space I-Le such that 
Tl,k=i ^ il'V^ifcll^ = 1 /o'^ 0,11 i = l,n. It follows that the channel $ is iso- 
metrically equivalent (in the sense of Def\^ to the pseudo- diagonal channel 

n dim Hb 

^'{p)=J2(^^\P\^^)\')(3\® E (^^^\^^>^)\k){^\ (6) 

i,j=l k,l=l 



from ©(7^^) into &{'Hn ® T^b), where {|i)}"^;^ and {|fc)} are arbitrary or- 
thonormal base in Tin o,nd in Hb correspondingly. 



3 Orthogonal families of pure states 

A structure of a channel reversible with respect to a given complete family 
of orthogonal pure states is described in the following proposition. 

Proposition 1. Let $ : (3 ("Ha) ~^ &{'Hb) be a quantum channel and 
& = {\ipi){'^i\} be a complete family of orthogonal pure states in 1-La- The 
following statements are equivalent: 

(i) the channel $ is reversible with respect to G; 
(ii) ^ is a c-q channel having the representation $(p) = 2_. {'^i\pWi)'^ij 

i=l 

where {ai} is a set of states in G(l-iE) such that rankcTj < dimH^Vi; 
(iii) the channel $ is isometrically equivalent to the pseudo-diagonal channel 

dim "Ha dira'H.B 

i,j=l k,l=l 

from ©(Ha) into &{'Ha^'Hb), where {|'0jfc)} is a collection of vectors 
in a separable Hilbert space such that J2k=i ^ ll'^/'ifclT — ^ /'^'^ ^^^ ^ '^'^^ 
{|A;)} is an orthonormal basis in Tis- 

Proof, (i) =^ (ii) follows from Theorem [3l since in this case (pi = ipi Vz. 
(ii) => (iii). If a, = ES'''' \i^^k){i^^k\ then $(p) = Zi,k W^kpW*^, where 

Wik = \4'ik){fi\, and hence representation (jl]) implies $ = $'. 

(iii) =^ (i) follows from Lemma [1], since \l/(-) = Tr-^^(-) is the "reverse" 
channel for the channel $' with respect to the family &. D 

Proposition [T] implies the following criterion for reversibility of a channel 
in terms of its dual channel. 

Corollary 1. A channel $ : ©("Hyi) — )■ ©("H^) is reversible with respect 
to a complete family {\fi){^Pi\} of orthogonal pure states if and only if there 
exists a partial isometry W : Ha ® TIb —> Hb such that 

\v;){^,\ = ^*{w[\ip,){ip,\®iHsW*) vz, (7) 

6 



where $* : ^{T-Lb) ~^" ®('Ha) ^s the dual channel to the channel $. 

Note that condition ([7]) implies (^*{WW*) = I^a and hence WW* is the 
projector on the subspace containing supports of all states $(p), p G QiTiA)- 
Proof. Necessity of condition ([7]) directly follows from Proposition [H 
To prove its sufficiency consider the channel $'(p) = W*^{p)W from 
&{'Ha) into ©("Ha ® 'Hb)- By the remark after Corollary [1] 

W^'{p)W* = WW*^{p)WW* = $(p), p G ©CHa), 

and hence the channels $ and $' are isometrically equivalent. By Lemma [1] 
it suffices to show reversibility of the channel $' with respect to the family 

(Iv'i) ('/'ill- 
Condition (jTj) implies 

Tr [|v9.)(^.| ® In,] ^'i\v,){v,\) = ^T^*m\v^){v^\ ® In,]W*) |^,)(^,| = S,,. 

It follows that the support of the state $'(| v^j) ('/'jI) belongs to the subspace 
{X\(Pi)} ^V-B and hence Tr^g$'(|(/?i)((/?i|) = \(pi){'^i\ for all z. D 

4 Arbitrary families of pure states 

In this section we consider a structure of a quantum channel reversible with 
respect to an arbitrary complete family (3 = {\'^>){'^\\}xeK of pure states. 

It is known that a channel $ : &{'Ha) ^ ©("^b) is reversible with respect 
to the family of all pure states in &{'Ha) (which means that it is reversible 
with respect to &{'Ha)) if and only if its complementary channel is completely 
depolarizing, i.e. if and only if $ is isometrically equivalent to the channel 

$'(p) = p®a (8) 

from &{T-La) into ©("H^ ® )C), where /C is a Hilbert space and a is a given 
state in 6 (/C) [2 [7]. 

We give first a characterization of a family & = {\'^x){'^x\}xeA C &{Ha) 
such that the reversibility of a channel $ : ©(7/^) — ?■ &{T-iB) with respect to 
© implies its reversibility with respect to ©(Ha)- 

Definition 5. A family {\^x)}xeK of vectors in "H (corresp. a family 
{|v^A)(v^A|}AeA of pure states in ©("H)) is called orthogonally decomposable if 



these is a proper subspace Tio C Ti such that the vector |(/?a) hes either in 
"Ho or in 'Hq for each A G A. 

Famihes of pure states, which are not orthogonally decomposable, will be 
called orthogonally non-decomposable (briefly, OND) families. 

Proposition 2. Let {\'f\){'Px\}xeA be a complete family of pure states in 
(5 ("Ha)- The following statements are equivalent: 

(i) the family {\'^x){'^\\}xeA is orthogonally non-decomposable; 

(ii) any channel $ : ©("Ha) -> &{T-iB) reversible with respect to the family 
{\'{>x){'^\\}xeh is isometrically equivalent to channel ^. 

Proof, (i) =^ (ii) If \l/ : ©("H^) -^ (5 ("Ha) is a reverse channel for the 
channel $ then Lemma [2] below shows that \E' o $ = Id^^ . Thus the channel 
$ is reversible with respect to the set ©("Hyi) and hence its complementary 
channel $ is a completely depolarizing channel. 

(ii) =^ (i) If Tio is a proper subspace of Ha such that the vector I^^a) lies 
either in T-Lq or in T-Lq for each A G A then the channel p \-^ PopPo + PopPo, 
where Pq is the projector on "Hq and Pq = /^^ — Pq, is obviously reversible 
with respect to the family {\fx){'^x\}xeA- CH 

Lemma 2. Let $ : &{l-i) — t- &{'H) be a quantum channel (djml-i < +ooj 
and {\'Px){'^x\}xeA be an orthogonally non-decomposable family of pure states 
m G{n). If m^x){<^x\) = \^x){^x\ for all X e A then <!>\e(no) = M^o. 
where T-Lq is the subspace generated by the family {|v?A)}AgA- 

Proof. Let $(p) = Ti/cVpY* be the Stinespring representation of the 
channel $, where V is an isometry from 7i into l-L® K,. 

By using the standard argumentation based on Zorn's lemma one can 
show that any complete OND family of pure states contains a countable 
complete OND subfamily (Lemma H] in the Appendix). 

Let {|v5i)('/'i|} be a countable OND subfamily of {\'fix){'~Px\}x(^k such that 
the family (Iv^i)} generates the subspace "Ho- The condition of the lemma 
implies 

V\(pi) = \ipi) (g) l^i), Vz, 

where {|^i)} is a family of unit vectors in /C. Since V is an isometry, we have 
and hence (Lpil^pj) 7^ ^ ii^ili^j) = 1- 



It follows that \ilji) = IV'j) for all i,j. Indeed, if there exist index sets I 
and J such that \ipi) ^ \ipj) for all i & I,j E J then the above implication 
shows that ((/?j|(^j) = for all i E I,j E J contradicting to the assumed 
orthogonal non-decomposability of the family {|(/:'j)((/?j|}. 

Thus we have V\ipi) = \ipi) ® 1-0) for all i and hence V\(p) = \ip) ® |'0) for 
all \(p) G Tio, since the family (I'/'j)} generates the subspace "Ho- It follows 
that $(p) = p for all p G 6(7^o)- □ 

In analysis of reversibility of a channel with respect to orthogonally de- 
composable families of pure states the following simple observation plays an 
essential role. 

Lemma 3. An arbitrary family & of pure states in ©(H) can be decom- 
posed as follows & = IJ^j &k, where {&k} is a finite or countable collection 
of OND disjoint subfamilies of & such that p -L p' for all p G &k, p' € &k', 
k ^ k' . This decomposition is unique (up to permutation of the subfamilies). 

Proof. For given p E & consider the monotone sequence {^n} of sub- 
families of & constructed as follows. Let €.1 = {p}, €2 be the family of all 
states from & non-orthogonal to p, £„+! be the family of all states from © 
non-orthogonal to at least one state from ^„, n = 2,3, .... Let £^ = IJn^n- 
It is easy to verify by induction that (t!^ is an OND family for each n and 
hence €^ is an OND family. Note that any state in (t'^ is orthogonal to any 
state in © \ (tj. Indeed, if p G C^^ then p E C^ for some n. So, if a pure state 
a is not orthogonal to p then it belongs to ^n+i — ^*- 

It is easy to see that the families it^ and (t^ , p, p' E &, either coincide or 
have an empty intersection. Since the Hilbert space "H is separable and each 
family C^ occupies a nontrivial subspace oiT-L, the collection {(tP}p^e contains 
either a finite or countable number of different families. These families form 
the required decomposition. D 

The above decomposition of a complete family & of pure states provides 
a description of the class of all channels reversible with respect to &. 

Theorem 4. Let $ : ©(Ha) -^ &{'Hb) be a quantum channel and © be 
a complete family of pure states in ©(Hyi). Let © = [J^ ©^ be a decompo- 
sition of © into OND subfamilies (from Lemma \3(j and Pk - the projector 
on the subspace generated by the states in &k- The following statements are 
equivalent: 

(i) the channel $ is reversible with respect to the family ©; 



(ii) the channel $ is reversible with respect to the family 



k 



(iii) ^ is a c-q channel having the representation $(p) = / jTrPfcp]crfc, 

k 

where {ck} is a set of states in G{'He) such that ranker^ < dim'HsVA;; 
(iv) the channel $ is isometrically equivalent to the channel 

k,l p,t 

from GIJ-La) into &{'Ha^'Hb), where {\ipp)} is a collection of vectors 
in a separable Hilbert space such that ^ ll'^pP = 1 VA; and {\p)} is 
an orthonormal basis in Hb- 

Proof, (i) =^ (ii). Let \1/ be a channel such that \l/($(p)) = p for all 
p E &. Let Tik be the subspace of "H generated by the vectors corresponding 
to the subfamily 6^. Since &k is an OND family, Lemma [2] shows that 
^ ° ^leiHk) = Id^fc for each k. 

(ii) =^ (iii). Let {|0i)} be an orthonormal basis corresponding to the 
decomposition Ha = (Bk'Hk, i.e. each l^j) lies in some T-ik- Let h be the set 
of all i such that |(/)j) G T-Lk- Since |0j)(0j| e & for all i, the channel $ is 
reversible with respect to the family {|(/)j)((/)j|}. By Proposition [T] we have 

k ig/fc 

where {ai} is a set of states in ©("H^;) such that rankcTj < dim'Hs for all 
i. Since &k is an OND family, Proposition [2] shows that the restriction of 
the channel $ to the set &{'Hk) is a completely depolarizing channel. Hence 
Oi = ak for all i e h- Thus $(/)) = 'E^k'^A^kPl^k- 

(iii) =^ (iv). Let /c(z) be the index of the set Ik containing i, i.e. i G Ik{i) 
for alU. If (Tfc = ES''''l^p)(^pl then ${p) = j:^^^WippW*p, where 
Wip = \t/jp ){(pi\, and hence representation (^ implies 

i(p) = 5^[TrK/.,pW,*]|0.)(0,| ® b)(t| = 

i,j,p,t 
k,l,p,t i&Ikj^h k,l p,t 

10 



where {\p)} is an orthonormal basis in "H^. 

(iv) =^ (i) follows from Lemma [H since "${■) = Tr-^g(-) is the "reverse" 
channel for the channel $' with respect to the family &. D 

Theorem H] implies the following useful observation. 

Corollary 2. If a channel $ : 6 ("Ha) -^ &{'^b) is reversible with respect 
to a complete family & of pure states in ©(Ha) then it is reversible with 
respect to a particular complete family of orthogonal pure states in &(T-La)- 

Remark 1. If the complete family of pure states & contains a subfamily 
©0 = {|'/'j)(¥'i|} such that (Iv^j)} is a basis in the space Ha (in the sense that 
an arbitrary vector {i/j) has a unique decomposition {ip) = J2i'^i\fi)1^ then 
the family of orthogonal pure states mentioned in Corollary [2] is explicitly 
given by Theorem [31 Indeed, by Lemma O in the Appendix the set {|0i)} of 
vectors defined in (^ by means of an arbitrary non-degenerate probability 
distribution {ttj} forms an orthonormal basis in Ha- It is easy to see that the 
channel $' defined in (Q is reversible with respect to the family {|0i)(0j|}. 
By Theorem [3] and Lemma [1] the same property holds for the channel $. 

In the case of a finite dimensional channel with the same input and output 
(dim "Ha = diraTiB < +oo) Theorem H] implies the following observation. 

Corollary 3. Let $ : &{%) — )■ &{'H) be a quantum channel, where 
n = dimTi < +oo, and & be a complete family of pure states in &(7i). Let 
& = IJ^, &k be a decomposition of & into OND subfamilies and P^ - the 
projector on the subspace generated by the states in 6^. The channel $ is 
reversible with respect to the family G if and only if it is unitary equivalent 
to the channel 

^'ip) = J2ckiPkpPi, peG{n), 

k,l 
where \\cki\\ is a Gram matrix of a collection of unit vectors. 

Proof. Since $'(p) = p for all p G 6, it suffices to prove the "only if 
part of the corollary. 

By Corollary [2] the reversibility of the channel $ with respect to & implies 
its reversibility with respect to some family {pj}[L^ of orthogonal pure states 



''^Existence of the subfamily &q is obvious if and only if Ha is a finite dimensional 
space. The condition showing that a complete countable family of unit vectors in an 
infinite dimensional Hibert space forms a basis can be found in [TJ Chapter I]. 
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in &(7i). Hence 

-. n 1 " 



n ^ — ' n 

i=l i=l 



where p = n'^I-^ and H{-\\-) is the relative entropy. It follows that the family 
{$(pi)}"^i consists of orthogonal pure states and that $(/-h) = J^n- 

Hence, by definition of the complementary channel, {^(pj)}"^^ is a family 
of pure states and Theorem H] shows that $(p) = 2,['~^^Pkp]\''Pk){'^k\, where 

k 

{\ipk)} is a set of unit vectors in He- If follows that the channel $ is isomet- 

rically equivalent to the channel $ = $' with cm = {ipi\i/jk)- Since the both 
channels are unital, their isometrical equivalence means unitary equivalence. 
D 

Remark 2. Corollary [2] shows that in the case dim "Ha = dim^B < +cxo 
a channel $ is reversible with respect to a complete family & of pure states 
if and only if $(p) = UpU* for all p G &, where U is an unitary operator, 
i.e. the reversibility of a channel with respect to a complete family of pure 
states is equivalent to preserving of all states of the family by this channel 
(up to unitary transformation). 

5 Applications 

By using the above observations one can strengthen the results concerning 
several entropic and informational characteristics of a quantum channel pre- 
sented in [131 Section 5]. 

These results are based on the following corollary of the Petz's theorem: 
preserving of the Holevo quantity x(p) of a generalized ensemble p of quantum 
states in &{1-La) (defined as a Borel probability measure on the set G{1-La)) 
under action of a quantum channel $ : &{'Ha) — ^ QiTis) is equivalent to 
reversibility of this channel with respect to p-almost all p in (5 ("Ha) (see 
details in Section 4 in [I3j). 

This equivalence and the results of Sections 3 and 4 imply the following 
criterion for preserving of the Holevo quantity (strengthening the second 
assertion of Theorem 2 in [13] ) . 
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Theorem 5. Let $ : ©(7^^) -^ &{T-iB) be a quantum channel. The 
following statements are equivalent: 

(i) there exists a generalized ensemble /i of pure states in ©("H^) with the 
full rank average state p{fi) such that %($(//)) = x(/^) < +00; 

(ii) there exists a complete family {\fi){fi\} of orthogonal pure states in 
&{'Ha) such that equivalent statements (i) — (Hi) of PropositionU\hold. 

This theorem provides the fohowing specifications of Proposition 2 and 
of Corollary 2 in [13] concerning the properties of the Holevo capacity C'($) 
and of the minimal output entropy i/minl"^) of a quantum channel $. 

Corollary 4. Let $ : ©("Hyi) — )■ G{l-iB) he a quantum channel such that 
dim'H^ < +00 and $ : &{1-La) -^ &{'He) be its complementary channel. 

A) The equality in the general inequality 

C{^)<\ogdimHA (9) 

holds if and only if ^ is a c-q channel, which means that the channel $ is iso- 
metrically equivalent to the pseudo-diagonal channel described in statement 
(Hi) of PropositionUlwith a particular orthonormal basis {\^Pi)} in Ha- 

B) // 'Hb = "Ha then the equality in ^ holds if and only if the channel 
$ is unitary equivalent to the channel $' described in Corollary\^ 

C) // T-Lb = Ha o^nd the channel $ is covariant with respect to some 
irreducible representation {Vg}g^G of a compact group G in the sense that 
^(YgpY*) = Vg^{p)V* for all g e G then ifmm('^) = if and only if the 
channel $ is unitary equivalent to the channel $' described in Corollary\^ 

The condition of assertion C of Corollary H] holds for any unital qubit 
channel $. 

By using the above Theorem [5] instead of Theorem 2 in [13] one can specify 
the necessary condition for coincidence of the constrained Holevo capacity 
C'($,p) and the quantum mutual information /($,p) of a quantum channel 
$ at a state p presented in Proposition 4 in [13]. 

Corollary 5. If the conditions of Proposition 4 in fj^ hold then 
C{^,p) = /($,p) < +00 =^ $|6(-^^) is a c-q channel (Tip = suppp). 



13 



By using this corollary one can specify the necessary condition for coinci- 
dence of the Holevo capacity and the entanglement assisted classical capacity 
of a (constrained or unconstrained) quantum channel presented in [121 Propo- 
sition 2] and p^ Corollary 4]. This specification consists in replacing the 
term "entanglement-breaking" by the term "classical-quantum". 

Appendix 

Lemma 4. An arbitrary complete orthogonally non-decomposable family 
of pure states in a separable Hilbert space 7i contains a countable complete 
orthogonally non-decomposable subfamily. 

Proof. Let S^ be the set of all subspaces of "H generated by countable 
OND subfamilies of the family & endowed with the inclusion ordering. Let 
Sjq be a chain in i^ and "Hq = [Jk.£^ ^- Since there is a countable chain 
{Hk} in S^ such that T-Lq = |J^ Hk and a countable union of countable OND 
subfamilies is a countable OND subfamily, the subspace T-Lq belongs to the 
set S). Hence "Ho is an upper bound of the chain i^o and Zorn's lemma 
implies existence of a maximal element Tim in S^. Suppose, Tim ^ "H. Since 
the family & is complete and orthogonally non-decomposable, it contains a 
pure state \'^){(p\ such that the vector \ip) lies neither in Tim nor in Ti^. By 
adding the state \'^){'f\ to the countable OND subfamily corresponding to the 
subspace Tim we obtain a countable OND subfamily. Hence 'Hm'^ {X\ip)} G Sj 
contradicting to the maximality of Tim O. 

Lemma 5. Let (Iv'j)} be a basis in a Hilbert space Ti (in the sense that 
an arbitrary vector \iIj) in "H has a unique decomposition \ip) = Yli'^ilfi))- 
Then the set {{(pi)} of vectors defined in ^ by means of an arbitrary non- 
degenerate probability distribution {ttj} is an orthonormal basis in l-L. 

Proof. Since ^^ \(t>i){4>i\ = ^Ui fo^' given arbitrary j we have 

i 

and hence 

By multiplying the both sides of this vector equality by the operator p^ 
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defined in (^ we obtain 

Since {|(/?j)} is a basis and ttj > for all i, we have ||(/'j||^ = 1 and {(t>i\4>j) = 
for all i 7^ j. Thus {|(/>i)} is an orthonormal system of vectors in 7i. It is a 
complete system, since ^^ |0j)(0j| = I-^. D 

I am grateful to A.S.Holevo and to the participants of his seminar "Quan- 
tum probability, statistic, information" (the Steklov Mathematical Institute) 
for the useful discussion. 
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